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Druyvesteyn’s method finds the distribution of electron speeds from the second derivative of probe data
using the assumption that the distribution is spherically symmetric. For the disk probe, the data are more
directly related to the velocity distribution projected onto the direction normal to the probe surface. The
projected distribution is less sensitive to noise because it is related to the first derivative of the data rather than
the second. For the cylindrical probe, the data are more directly related to the distribution of energies projected
onto the plane perpendicular to the probe axis. A method is developed for recovering this projected distribution
from digitized probe data. The method is mathematically more complex than Druyvesteyn’s method, but has
the advantage of being less sensitive to noise. The methods are compared using noise-free simulated data and
using noisy data from a double-plasma device with multidipolar magnetic confinement.
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I. INTRODUCTION

In 1930, Druyvesteyn �1� published relationships that al-
lowed the distribution of electron speeds to be found from
Langmuir probe characteristics. The distribution that is found
is often integrated to find the plasma density. Druyvesteyn’s
method is especially valuable for non-Maxwellian plasmas
�2,3� for which the density is not simply related to an elec-
tron temperature and the probe saturation current. A disad-
vantage of the method is that it uses the second derivative of
the probe data, which is strongly affected by noise. Useful
results are usually obtained only after averaging many probe
data sets or after smoothing the data mathematically. The
disk probe acts as a retarding potential analyzer and the data
are simply related to the distribution of electron velocities
projected onto the normal to the probe surface. This pro-
jected distribution is easily recovered from the first deriva-
tive of the probe data, which is less sensitive to noise. The
projected distribution may be integrated to obtain the plasma
density. In this work, a relationship is derived between the
data from a cylindrical probe and the distribution of veloci-
ties projected onto the plane perpendicular to the probe axis.
The inverse relation is also derived, which allows the pro-
jected distribution to be found from the probe data. The
method is mathematically more complex than Druyvesteyn’s
method, but is less sensitive to noise and is easily imple-
mented in a mathematical spreadsheet.

In Sec. II A, the relationships between the distribution
functions and the probe data are reviewed for the disk probe.
Finite-difference methods are derived for recovering the ve-
locity distribution when it is spherically symmetric, and for
recovering the distribution projected onto the axis normal to
the probe surface. In Sec. II B, a new relationship is derived
between data from a cylindrical probe and the distribution of
velocities projected onto the plane perpendicular to the probe
axis. Finite-difference methods are derived that allow the
projected distribution to be recovered from probe data. For
comparison, Druyvesteyn’s method is derived using the same
notation. In Sec. III, numerical methods are used to construct

simulated probe data that would be obtained by disk and
cylindrical probes in plasma with a two-temperature distri-
bution. The two disk and two cylindrical probe methods are
shown to correctly recover the distribution functions and the
plasma density. In Sec. IV, the methods are applied to experi-
mental data from a double-plasma device that has a two-
temperature electron distribution and the sensitivities of the
methods to noise are compared. Section V is a discussion
and conclusion.

II. RELATIONSHIPS BETWEEN THE PROBE CURRENT
AND DISTRIBUTION FUNCTIONS

In this section, we derive the relationships between probe
characteristics and distribution functions for disk and cylin-
drical probes biased with negative potentials � that retard
electrons. The potential � is measured relative to the plasma
potential. The spherical probe is not discussed because it is
rarely used in experiments.

A. Disk probe

Electrons approaching a sufficiently large planar disk
probe oriented perpendicular to the z axis have only their z
component of velocity changed by the probe bias potential. It
is appropriate to use a one-dimensional distribution function
f1�vz� in which two velocity components have been removed
by integration. The number density of electrons with velocity
between vz and vz+dvz is

dn = f1�vz�dvz, �1�

and the contribution of these electrons to the probe current is

dI = qvzAdn , �2�

where q is the absolute value of the charge, A is the probe
area, and the subscript 1 denotes a one-dimensional velocity
space. The current to the probe is found by integration over
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vz, omitting the electrons with insufficient energy to strike
the probe surface

I��� = Aq�
u���

�

f1�vz�vzdvz, �3�

where u���=�−2q� /m is the minimum electron velocity
that will be collected and m is the electron mass. A change of
variables gives

I��� =
Aq

m
�

−q�

�

f1���d� , �4�

where �= 1
2mvz

2 is the electron kinetic energy in the z direc-
tion, and f1��� is f1�vz� written as a function of energy �to
avoid the cumbersome f1��2� /m��. The velocities of elec-
trons decrease as they approach the negatively biased probe
and their density dn increases. Continuity in one dimension
requires that the current remain constant. Thus the current
may be calculated from the velocities vz and densities dn
evaluated at infinity rather than at the probe surface.

The derivative of the current with respect to bias potential
is

f1�− q�� =
m

q2A

dI���
d�

. �5�

It is assumed that the ion contribution to I��� has been re-
moved. For probe data that have been digitized, derivatives
are most easily obtained using finite differences. The pro-
jected distribution f1 is

f1�− q�k−1/2� =
m

q2A
� Ik − Ik−1

�k − �k−1
� , �6�

where, for second-order accuracy, the potential at the mid-
point of the interval �k−1/2=0.5��k+�k−1� has been used.
The electron density is found by integrating the distribution
function by the midpoint method to obtain

n = 2�
0

�

f1���
d�

�2m�
=

2m

qA
� �dI/d��

�− 2mq�
d� , �7�

where ��=�k−�k−1. The final expression is implemented
for discrete data in a mathematical spreadsheet in which cu-
bic splines are fit to I��� to obtain a continuous function and
differentiated to obtain dI /d�. The spreadsheet is also used
for the integration from the most negative probe voltage to
the plasma potential. Integration by Simpson’s rule was
found to give densities 10–20 % lower, possibly because of
the divergent behavior of the inverse square root function.

Druyvesteyn used the distribution of speeds ��v� with
normalization �4�

n = �
0

�

��v�dv , �8�

where a factor of 4�v2 is contained within ��v�. He found
the flux of electrons to the probe surface using Boltzmann’s
method for finding the momentum flux �5� to a surface with
the addition of cutoffs to the ranges of integration. The nor-

mal component of velocity is written as v cos �, where � is
the polar angle measured from the normal to the surface. The
collected current is

I��� = Aq�
u

�

��v��
0

��v� 1

2
v cos � sin �d�dv , �9�

where v without a subscript is the speed and the ranges of
integration are coupled by the relation −q�	

1
2mv2cos2 �.

Integration over angle � gives

I��� =
Aq

4
�

u

�

��v��1 +
2q�

mv2 �vdv . �10�

The inverse relation is obtained from two differentiations,

��− q�� = −
4m�

q2A

d2I���
d�2 , �11�

where ��−q�� is ��v� written as a function of energy. In
finite-difference form, Eq. �11� becomes

��− q�k� = −
4m�

q2A
	 I��k+1� − 2I��k� + I��k−1�

����2 
 , �12�

and the density is found from ��−q�� using Simpson’s
method

n = �
k

1

2���− q�k�
�2mq�k

+
��− q�k−1�
�2mq�k−1


�q�k − q�k−1� ,

�13�

where the sum goes from the most negative voltage to zero
voltage. The final term in the sum that is for zero probe
voltage is not evaluated, but is set to zero using L’Hopital’s
rule. The expression for the second derivative in Eq. �12� is
correct only for uniformly spaced data points.

B. Cylindrical probe

Electrons approaching a negatively biased cylindrical
probe are deflected and collection depends upon both the
energy and angular momentum. The velocity vz parallel to
the probe axis does not affect collection and can be removed
by integration. The number density of electrons with velocity
between vr and vr+dvr is

dn = 2�f2�vr�vrdvr, �14�

where vr is the velocity in the plane perpendicular to the
probe axis and the subscript 2 denotes cylindrical symmetry.
For a monoenergetic distribution and a negative probe bias,
orbit-motion-limited �OML� theory of Mott-Smith and Lang-
muir �6� shows that the current density at the probe surface is
reduced because the electron trajectories are deflected away
from the probe axis. The current collected from a monoen-
ergetic beam of electrons with sufficient energy is �7�

dI = 2aLqvr�1 +
q�

1
2mvr

2�1/2

dn, 1
2mvr

2 
 − q� , �15�

where a is the probe radius, L is the probe length, and 2aL is
the area of the probe in projection seen by the beam. The net
current from a distribution of electrons is
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I��� = 4�aLq�
u

�

f2�vr��1 +
2q�

mvr
2 �1/2

vr
2dvr

=
2Aq

m
� 2

m
�1/2�

−q�

�

f2����q� + ��1/2d� , �16�

where A=2�aL is the probe surface area. The first derivative
of the current is

dI���
d�

=
Aq2

m
� 2

m
�1/2�

−q�

� f2���d�

�q� + �
, �17�

which contains an integrable singularity. There is not a
simple relationship between the distribution function f2 and
the derivative of the probe data as there is in the planar case.

Finite-difference methods are used to find the relationship
between I��� and f2���. The integral for I��� in Eq. �16� is
first broken into a sum of integrals performed over the small
intervals in energy determined by the digitized probe volt-
ages

I��k� =
2Aq

m
� 2

m
�1/2

�
j=1

k �
−q�j

−q�j−1

f2����q�k + ��1/2d� .

�18�

The zeroth probe potential �0 is assumed to be the most
negative. The electron energy −q�0 corresponding to the

most negative probe voltage replaces the infinity that is one
limit of the integral.

Finite-difference methods are accurate only when the con-
tributions of the omitted higher-order derivatives are negli-
gible. The square root function, however, has the property
that the higher-order derivatives diverge for arguments near
zero. Thus numerical integration yields results that are sig-
nificantly in error for q�+� near zero. The function f2���,
which is assumed to vary smoothly, is taken through the
integral sign using the value at the midpoint of the interval.
The remaining square root function is integrated analytically
to obtain

I��k� =
2Aq

m
� 2

m
�1/2

�
j=1

k

f2�− q� j−1/2��
−q�j

−q�j−1

�q�k + ��1/2d�

=
2Aq

m
� 2

m
�1/2

�
j=1

k

f2�− q� j−1/2��2

3
�q�k − q� j−1�3/2

−
2

3
�q�k − q� j�3/2
 , �19�

which contains no singularities. The solution of Eq. �19� for
f2�−q�k−1/2� is

f2�− q�k−1/2� =

� I��k�m
2Aq

��m

2
�1/2

− �
j=1

k−1

f2�− q� j−1/2��2

3
�q�k − q� j�3/2 −

2

3
�q�k − q� j−1�3/2


2

3
�q�k − q�k−1�3/2

. �20�

The solution at each k value requires the kth probe current
and the values for the distribution function found at the
smaller values of k. The first two values of f2 are defined as
f2�−q�1/2�=0 and as

f2�− q�3/2� =
� I��1�m

2Aq
��m

2
�1/2

2

3
�q�1 − q�0�3/2

. �21�

The subsequent values of the distribution function are built
up sequentially using Eq. �20�.

The complicated relationship in Eq. �20� arises in the fol-
lowing way. If the probe voltage is increased from �k to
�k+1, the current increases �i� because of new electrons col-
lected with energy between −q�k and −q�k+1, and �ii� be-
cause of additional current from the increased collection of
the more energetic electrons. In the numerator of Eq. �20�,
the contribution to the current from the more energetic elec-

trons is calculated from the distribution function and is sub-
tracted from the measured current at �k to obtain the part of
the current that is from electrons with energy between �k
and �k+1.

The electron density is obtained from f2��� by numerical
integration using the midpoint method

n = 2��
0

�

f2���
d�

m
=

2�

m
�
j=1

k

�− q� j + q� j−1�f2�− q� j−1/2� .

�22�

Druyvesteyn found the relation between the probe data
and the distribution of speeds ��v� without finding the ex-
pression for the probe current. Mott-Smith and Langmuir �6�
showed that the current density at the probe surface is differ-
ent from the current density qv dn at infinity by the factor
�1+2q� /mv2� in the spherical case and �1+2q� /mv2�1/2 in
the cylindrical case. The current to the cylindrical probe ex-
pressed as a function of ��v� is
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I��� =
Aq

�
�

u

�

��v��
��v�

�−��v� �1 +
2q�

mv2sin2 �
�1/2

�
1

2
v sin2 �d�dv

=
Aq

�
�

u

�

��v��
��v�

�/2

��1 − u2/v2� − cos2 ��1/2v sin �d�dv

=
Aq

4
�

u

�

��v��1 +
2q�

mv2 �vdv , �23�

where the velocity in the plane perpendicular to the probe
axis is vr=v sin� and � is the polar angle measured from the
probe axis. The minimum electron velocity is u=�−2q� /m
and for velocities v�u the permitted angles of incidence
have sin ��v�
u /v. The first derivative of the probe current
is

dI

d�
=

q2A

4m
�

−q�

�

����
d�

�
, �24�

and from the second derivative the speed distribution is

���� =
− 4m�

q2A

d2I

d�2 =
− 4m�

q2A
	 I��k+1� − 2I��k� + I��k−1�

����2 
 ,

�25�

which is the result obtained by Druyvesteyn expressed both
in standard form and finite-difference form. From this distri-
bution, n is found using Eq. �13�.

III. ANALYSIS OF SIMULATED DATA SETS

The four methods of finding a distribution function, Eqs.
�6�, �11�, �20�, and �25�, and three methods for finding the

density, Eqs. �7�, �13�, and �22�, are tested in this section
using simulated data sets. The simulated sets have the advan-
tage of being free of noise that might obscure details in the
distribution functions. In many laboratory plasmas, the elec-
trons are confined by a positive plasma potential �p. Elec-
trons with energy below q�p may be confined for many
self-collision times and the distribution function for these
electrons will become nearly Maxwellian. Electrons with en-
ergy above q�p will have a shorter confinement time and
will not have equilibrated, thus their energy distribution will
be determined by the mechanism that created them, such as
secondary emission from the chamber surfaces �11�. The
slope of the combined distributions is likely to be discontinu-
ous at the energy −q�p. For these reasons, the methods of
analysis are tested using a two-temperature distribution

f3�v� = n� m

2�T1
�3/2

exp�− mv2

2T1
�,

1

2
mv2 	 �t

= n� m

2�T2
�3/2

exp�− mv2

2T2
+

�t

T2
−

�t

T1
�,

1

2
mv2 
 �t

�26�

with n=1014 m−3, T1=0.2 eV, and T2=2 eV. The parameter
�t=2 eV is the energy at which the slope of the distribution
changes. The number density is negligibly larger than n as a
consequence of the small number of particles in the high-
temperature tail. The corresponding speed distribution is
��v�=4�v2f3�v�.

The one-dimensional distribution function f1�vz� is ob-
tained from the two-temperature distribution by an integra-
tion over velocities vr in the plane perpendicular to z. The
two-temperature distribution is first expressed in cylindrical
velocity coordinates �vr ,vz�,

F3�vr,vz� = n� m

2�T1
�3/2

exp�− m�vr
2 + vz

2�
2T1

�,
1

2
m�vr

2 + vz
2� 	 �t

= n� m

2�T1
�3/2

exp�− m�vr
2 + vz

2�
2T2

+
�t

T2
−

�t

T1
�,

1

2
m�vr

2 + vz
2� 
 �t. �27�

This distribution is integrated with 2�vrdvr to obtain the
one-dimensional distribution f1�vz�. The projected distribu-
tion does not contain a discontinuity in the slope at �t be-
cause the vz value at which the slope changes depends upon
the value of vr.

The current to the disk probe is calculated at 0.1 V inter-
vals from f1�vz� using Eq. �3�. The result �not shown� is
identical to that obtained from the corresponding speed dis-
tribution ��v� and Eq. �10�. The distribution function f1�vz�
is recovered from the calculated probe current using Eq. �6�
and is plotted in Fig. 1�a� with the original distribution. The
speed distribution ��v� is recovered using Eq. �12� and com-

pared with the original distribution in Fig. 1�b�. The tempera-
tures associated with the two-temperature distribution are
most easily found from the slopes of a semilogarithmic plot
of f3�v�=��v� /4�v2, which is shown in Fig. 1�c�. In all
cases, the recovered distribution function �points� is nearly
identical to the starting distribution �solid lines�.

A quantitative measure of the accuracy of the recovered
distributions is the accuracy of the densities obtained by in-
tegration. The plasma density obtained from the derived
speed distribution using Eq. �13� is 0.94�1014 m−3. The
plasma density obtained using the first derivative of the cur-
rent is 0.999�1014 m−3 for the cubic-spline integration in
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Eq. �7� and 0.76�1014 m−3 for the Simpson’s rule integra-
tion of the same integrand.

For the cylindrical probe, the distribution of velocities in
the plane perpendicular to the probe axis is obtained by in-
tegrating F3�vr ,vz� with dvz. The calculated current to the
cylindrical probe, from Eq. �16�, is shown in Fig. 2�a�. The
speed distribution ��v� recovered from the current using Eq.
�25� is shown in Fig. 2�b�. The projected distribution f2�vr�
from Eq. �20� is shown in Fig. 2�c�. The result for the pro-
jected distribution is inaccurate at the highest electron ener-

gies because the sum cannot be started at an infinitely nega-
tive probe voltage. The initial points oscillate about the
correct value and converge to within about 1% of the correct
value after about 20 data points. Except for these points, the
two recovered distributions �points� are nearly identical to
the starting distributions �solid lines�.

The plasma density obtained from the integration of the
projected distribution by Eq. �22� is 0.985�1014 m−3. The
first 10 points at the highest electron energies are omitted in

FIG. 1. Distribution functions recovered from simulated disk
probe data. �a� Original f1�vz� �solid line� and the f1�vz� recon-
structed from the probe data �squares�. �b� Original ��v� �solid line�
and the reconstructed ��v� �squares�. �c� The distribution f3�v�
=��v� /4�v2.

FIG. 2. �a� Current to the cylindrical probe calculated from the
model distribution function. The area of the probe is the same as is
used in the experiment. �b� The speed distribution ��v� �solid line�
and the distribution recovered with Eq. �25� �squares�. �c� The pro-
jected distribution f2�vr� �solid line� and the reconstructed distribu-
tion from Eq. �20� �squares�.
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the sum and this omission has less than 1% effect on the
density. The plasma density obtained from the recovered
speed distribution using Eq. �13� is 0.94�1014 m−3. For both
types of probes, there are thus two accurate numerical meth-
ods for recovering the electron density from the probe data.

IV. ANALYSIS OF EXPERIMENTAL DATA

The methods are applied to probe data from a plasma
generated in a multidipolar plasma device �8�, Fig. 3, with a
diameter of 31 cm and a length of 69 cm. This device has a
liner of stainless steel with magnetic line cusps �9,10� of
nickel-plated rare-earth magnets �12.5 mm diam�3 mm�.
The magnets are mounted to iron strips riveted to the liner.
The strips have a spacing of 75 mm, the magnet center-to-
center spacing is 18 mm, and the field at the magnet surfaces
is 0.3 T. The stainless steel liner provides a uniform wall
potential that results in a sharp boundary �in energy� between
the electrons that are confined by the plasma potential and
the secondary electrons from the wall �11,12�. The plasma is
created in 0.4 mTorr argon by 16 mA emission from a fila-
ment at one end that is biased to −60 V. A two-temperature
distribution is clearly seen at low emission currents
�	100 mA�, which results in the largest difference in tem-
perature between the confined electrons �	1 eV� and uncon-
fined wall secondaries ��3 eV�. The vacuum is created by a
turbomolecular pump and the base pressure is 	10−6 Torr.

A cylindrical probe and a disk probe are used for mea-
surements. The cylindrical probe has a radius of 95 
m and
a length of 30 mm. A relatively long probe is used to have a
signal-to-noise ratio that is comparable to that for the disk
probe. The cylindrical probe radius is less than the Debye
length �0.4 mm� which is required for accuracy of the OML
theory. The disk probe is of thin foil with a radius of 3.4 mm
that is much greater than the Debye length to minimize edge
effects. Both probes are of stainless steel and are discharge-
cleaned before data are taken. The probe voltage is swept in
0.1 V increments from −40 to +6 V. The current at each
point in the sweep is digitized 25 times and the average is
recorded. If the distribution function is to be determined, 64
sweeps are made in a 40 min period and averaged in order to
further reduce the noise.

The plasma potential is found as the voltage for which the
slope of the data is greatest �7�. The plasma potential is
found with better resolution than the voltage spacing �� by

fitting a polynomial locally to the data and solving for the
zero point of the second derivative. A new grid is constructed
having the plasma potential at the origin and the probe cur-
rent on the new grid is found from the data by linear inter-
polation. The new grid allows integrals or summations to be
ended more precisely at the plasma potential while maintain-
ing a uniform grid spacing.

A. Planar disk probe data

An average of 64 disk probe data sets is plotted in Fig.
4�a�. The plasma potential is determined and linear interpo-
lation is used to shift the data to a new grid that has the
plasma potential at the origin. A model is fit to the ion cur-
rent �13� for voltages from −40 to −20 and the modeled ion
current is subtracted to give the current from electrons alone
shown in Fig. 4�b�. The electron data are first analyzed by
assuming that the electron current arises from two Maxwell-
ian distributions �14�. The temperature of the cold electron
component is determined from the slope of a semilogarith-
mic plot �avoiding the tail of the distribution� and the density
is determined from the saturation current at the plasma po-
tential. This is further refined by using a least-squares
method to find the two densities and two temperatures that
best fit the data. A distribution function is constructed by
summing the “hot” and “cold” Maxwellians. The electron
density is then the sum of the densities of the two distribu-
tions. The contribution of the hot distribution to the density
is typically about 3% of the total. This two-temperature Max-
wellian is used as the reference distribution. The low-
temperature part of the distribution spans 3.0 eV, thus the
plasma potential is presumed to be 3.0 V.

The projected distribution function f1�vz� obtained from
Eq. �6� is plotted in Fig. 4�c�. The points lie near to the
two-temperature reference Maxwellian that has temperatures
of 0.77 and 2.9 eV. The recovered distribution is relatively
free of noise. The speed distribution ��v� from the Druyvest-
eyn method, Eq. �11�, is plotted in Fig. 4�d�. This distribution
is more noisy and detail is lost for energies 
3 eV. The
heavy solid line in Fig. 4�d� is obtained using the Savitzky-
Golay method �15�. This method is applied by fitting a pa-
rabola to groups of five consecutive data points and finding
the second derivative in Eq. �11� from the fitted polynomial.
The heavy solid line lies near the two-Maxwellian fit. The
densities determined from Eq. �7� and �13�, and from the
two-Maxwellian fit are compared in Table I. The densities
differ by less than 10% and thus are consistent.

B. Cylindrical probe data

An average of 64 sweeps of the cylindrical probe, in the
same plasma as for Fig. 4, is shown in Fig. 5�a�. The aver-
aged data with the ion current removed are shown in Fig.
5�b�. The cylinder probe data and the disk probe data differ
qualitatively only in the saturation region where the disk
probe saturates more quickly. The low-temperature part of
the distribution spans 3.1 eV, thus the plasma potential ap-
pears to be 3.1 V, which is near to the value of 3.0 V ob-
tained from the disk probe data. The analysis of the cylindri-
cal probe data by the new method, Eq. �20�, yields a

FIG. 3. The experimental apparatus �not to scale�. The magnets
for the multidipolar field are not shown.
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projected distribution f2�vr� that agrees well with the two-
temperature Maxwellian fit, Fig. 5�c�. The noise becomes
significant for energies greater than about 5 eV. Analysis of
the probe data by Druyvesteyn’s method, Eq. �25�, yields the
speed distribution shown in Fig. 5�d�. The noise becomes
significant between 3 and 4 eV and is only slightly improved
by the Savitsky-Golay method of finding the second deriva-
tive. The densities obtained from the two-Maxwellian fit and
from the two distribution functions are compared in Table I.

The densities from the cylindrical probe data are systemati-
cally higher than those from the disk probe. The areas of the
probes were measured to within a few percent, thus the dif-
ference cannot be accounted for by error in the probe areas.

V. DISCUSSION AND CONCLUSION

Methods for finding the electron distribution function and
the electron density have been compared for both disk and
cylindrical probes. In our double-plasma device with multi-
dipolar fields, the probe current contains two electron contri-
butions at energies below 10 eV. The first contribution, with
energies 0–3 eV, is from the confined electrons with ener-
gies below the plasma potential. The second contribution is
from secondary electron emitted by the walls. The second
distribution begins to contribute at the energy corresponding
to the plasma potential and the slope of the speed distribution
should change discontinuously at this energy. The reference
method for analyzing the probe data is to assume that the
data are from the sum of two Maxwellian distributions and to
find the two temperatures and densities that best fit the data.

Analysis of the disk probe data, Fig. 4, for the projected
distribution f1�vz� finds a distribution that agrees well with

FIG. 4. Analysis of averaged data for the disk probe. �a� The probe current as a function of voltage obtained by averaging 64 data sets.
�b� The probe current with the ion contribution removed, showing the two-temperature distribution. �c� The distribution function f1�vz� from
Eq. �6� �circles�. �d� The speed distribution ��v� from Eq. �11� �triangles�. The distribution obtained using the Savitzky-Golay method to find
the second derivative is the solid line. In �c� and �d�, the best-fit “hot” and “cold” Maxwellian distributions are shown as dashed and
dot-dashed lines, respectively.

TABLE I. Comparison of electron densities determined by the
different methods.

Disk probe

Two-Maxwellian fit 1.93�1014 m−3

from f1�vz�, Eq. �7� 1.88�1014 m−3

from ��v�, Eq. �13� 1.83�1014 m−3

Cylinder probe

Two-Maxwellian fit 2.27�1014 m−3

from f2�vr�, Eq. �22� 2.08�1014 m−3

from ��v�, Eq. �13� 2.04�1014 m−3
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the corresponding distribution from the two-temperature
analysis. Druyvesteyn’s analysis for the speed distribution
agrees with the two-Maxwellian analysis but is noisy be-
cause the second derivative is used. Inspection shows that
the energy at which the two distributions join cannot be ac-
curately determined from Druyvesteyn’s analysis. This deter-
mination is possible using the projected distribution and is
most easily done from the two-Maxwellian fit. The two-
Maxwellian fit shows the value of a model having only a few
parameters �two densities, two temperatures� that can be fit
using the data. The Druyvesteyn analysis for the cylinder
probe, Fig. 5�d�, has a level of noise that is not significantly
different from that for the disk probe. The new method for
the cylindrical probe, Fig. 5�c�, is less noisy than Druyvest-
eyn’s method, but more noisy that the disk probe analysis
using the first derivative.

The experimenter is likely to choose the analysis that is
most directly related to the physics issues being addressed.
For discharges in cylindrical tubes that are long in compari-
son with their radius, the distributions f1�vz� from disk
probes and f2�vr� from cylindrical probes may be quite dif-
ferent. The data from a single-sided disk probe oriented per-

pendicular to the cylindrical axis and analyzed using Eq. �5�
would correctly recover f1�vz� for the direction incident upon
the probe. In a dc discharge, this analysis made both parallel
and antiparallel to the electric field should show asymmetry
caused by the electric field. Data from a cylindrical probe
oriented parallel to the tube axis would allow recovery of
f2�vr� and this distribution should show any truncation of the
tail of the distribution from losses of high-energy electrons
not contained by the plasma potential. In the derivation of
f2�vr� from the cylindrical probe data, the velocity vz is in-
tegrated at the outset, thus any drift along the z axis does not
change the analysis for f2�vr�. If the drift is in the plane
perpendicular to the z axis, the cylindrical symmetry is de-
stroyed and there is no simple approach for determining
f2�vr�. The analysis for the speed distribution ��v� is made
assuming an isotropic distribution, thus the formulas that re-
cover ��v� from planar or cylindrical probes would not be
accurate for an anisotropic distribution. The analyses for the
projected distributions f2�vr� and f1�vz�, on the other hand,
will not show features at particular energies because these
would be “averaged out” by the projection.

FIG. 5. Analysis of averaged data for the cylindrical probe. �a� The probe current as a function of voltage. �b� The probe current with the
ion contribution removed, showing the two-temperature distribution. �c� The distribution function f2�vr� from Eq. �20� �circles�. �d� The
speed distribution ��v� from Eq. �11� �triangles�. This distribution obtained using the Savitzky-Golay method to find the second derivative
is the solid line. In �c� and �d�, the best-fit “hot” and “cold” Maxwellian distributions are shown as dashed and dot-dashed lines, respectively.
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